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Abstract. For any affine Lie algebra g, we show that any finite dimensional representation 
of the universal dynamical R matrix of the elliptic quantum group B qt \(g) coincides 

with a corresponding connection matrix for the solutions of the q-KZ equation associated 
with U q (g). This provides a general connection between B qt \(g) and the elliptic face (IRF 
or SOS) models. In particular, we construct vector representations of 1Z(\) for g = An\ 
^ m \ ', Bn , C'n \ Dn \ and show that they coincide with the face weights derived by Jimbo, Miwa 

<~| and Okado. We hence confirm the conjecture by Frenkel and Reshetikhin. 
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> 

in '■ 1 Introduction 

in 

The quantum group U q (g) is one of the fundamental structures appearing in the wide class of 
\q | trigonometric quantum integrable systems. Among others, we remark the following two facts. 

o , 

! 1) For g being affine Lie algebra, finite dimensional representations of U q (g) allow a syste- 

matic derivation of trigonometric solutions of the Yang-Baxter equation (YBE) [TJ [2] . 

2) A combined use of finite and infinite dimensional representations allows us to formulate 

> 

To extend this success to elliptic systems is our basic aim. In this paper, we consider a problem 
analogous to 1). As for developments in the direction 2), we refer the reader to the papers (UElEl 
[8] . We are especially interested in the two dimensional exactly solvable lattice models. There 
are two types of elliptic solvable lattice models. The vertex type and the face (IRF or SOS) type. 
The vertex type elliptic solutions to the YBE were found by Baxter [9] and Belavin [10]. These 
are classified as the elliptic R matrices of the type An ^ ■ The face type elliptic Boltzmann weights 
associated with A^ were first constructed by Andrews-Baxter-Forrester and extended to 

A ( n\ B n l \ C n l \ D„ l) by Jimbo-Miwa-Okado [HE], to A%>, by Kuniba [H], and to 

by Kuniba-Suzuki [15j . 

Concerning the elliptic face weights, Frenkel and Reshetikhin made an interesting observa- 
tion [16] that the connection matrices for the solution of the g-KZ equation associated with U q {o) 
(g: affine Lie algebra) provide elliptic solutions to the face type YBE. They also conjectured 



*This paper is a contribution to the Proceedings of the O'Raifeartaigh Symposium on Non-Perturbative and 
Symmetry Methods in Field Theory (June 22-24, 2006, Budapest, Hungary). The full collection is available at 
|http://ww.emis.de/journals/SIGMA/LOR2006.html| 



2 



H. Konno 



that the connection matrices in the vector representation are equal to Jimbo-Miwa-Okado's 
face weights for g = , B^ , ■ In order to confirm this conjecture, one needs to 

solve the q-KZ equation of general level and find connection matrices. Within our knowledge, 
no one has yet confirmed it. Instead of doing this, Date, Jimbo and Okado [T7] considered the 
face models defined by taking the connection matrices as Boltzmann weights. They showed 
that the one-point function of such models is given by the branching function associated with 
g. The same property of the one-point function had been discovered in Jimbo-Miwa-Okado's 
A { n \ B$, D ( n ] face models. 

An attempt to formulate elliptic algebras was first made by Sklyanin [18]. He considered an 
algebra defined by the i?LL-relation associated with Baxter's elliptic i£-matrix. It was extended 
to the elliptic algebra Aq tP (sl2) by Foda et al. [19], based on a central extension of Sklyanin's 
i?LL-relation. In the same year, Felder proposed a face type elliptic algebra E TjV (q) associated 
with the dynamical i?LL-relation [20]. Jimbo-Miwa-Okado's elliptic solutions to the face type 
YBE were interpreted there as the dynamical R matrices. We classify the former elliptic algebra 
the vertex-type and the latter the face-type. Another formulation of the face type elliptic algebra 
was discovered by the author [1] . It is based on an elliptic deformation of the Drinfel'd currents. 

A coalgebra structure of these elliptic algebras was clarified in the works by Fr0nsdal [21] , 
Enriquez-Felder [22] and Jimbo-Konno-Odake-Shiraishi [23]. It is based on an idea of quasi- 
Hopf deformation [24] by using the twistor operators satisfying the shifted cocycle condition [25] . 
In this formulation, we regard the coalgebra structures of the vertex and the face type elliptic al- 
gebras as two different quasi-Hopf deformation of the corresponding affine quantum group U q (o). 
We call the resultant quasi-Hopf algebras the elliptic quantum groups of the vertex type A q:P (slN) 
and the face type B qi \(o). A detailed description for the face type case is reviewed in Section 2. 
For the face type, a different coalgebra structure as a f)-Hopf algebroid was developed by Felder, 
Etingof and Varchenko |26[ [27[ [28] , Koelink-van Norden-Rosengren [29] . 

One of the advantages of the quasi-Hopf formulation is that it allows a natural derivation 
of the universal dynamical R matrix from one of U q (g) as a twist. However, a disadvantage 
is that there are no a priori reasons for the resultant universal R matrix to yield elliptic R 
matrices. One needs to check this point in all representations. We have done this for the vector 
representations of Aq tP (sl2) and B qt \(sl2), which led to Baxter's elliptic R matrix and Andrews- 
Baxter-Forrester's elliptic face weights, respectively [23]. The same checks for the face weights 
were also done in the cases g = A$ , [SI [7] . 

The aim of this paper is to overcome this disadvantage by clarifying the following point 
concerning the face type. 

i) Any representations of the universal dynamical R matrix of B q \ (g) are equivalent to the 
corresponding connection matrices for the q-KZ equation of U q (g). 

The connection matrices are known to be elliptic. See Theorem 13.51 In addition, we show 

ii) For 9 = An , B n ^ , Cn , , the vector representation of the the universal dynamical R 
matrix of B qt \(g) is equivalent to Jimbo-Miwa-Okado's elliptic face weight up to a gauge 
transformation. 

Combining i) and ii), we confirm Frenkel-Reshetikhin's conjecture on the equivalence between 
the connection matrices and Jimbo-Miwa-Okado's face weights. For the purpose of showing i), 
we follow the idea by Etingof and Varchenko [28], and give an exact relation between the face 
type twistors and the highest to highest expectation values of the composed vertex operators 
(fusion matrices) of U q (g). To show ii), we solve the difference equation for the face type twistor, 
which is equivalent to the q-KZ equation of general level. 

This paper is organized as follows. In the next section, we summarize some basic facts on the 
affine quantum groups U q (g) and the face type elliptic quantum groups B qt \(g). In Section 3, we 
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introduce the vertex operators of U q (g) and fusion matrices. We discuss equivalence between the 
face type twistors and the fusion matrices. Then in Section 4, we show equivalence between the 
dynamical R matrices of B q \(g) and the connection matrices for the q-KZ equation of U q (g) in 
general finite dimensional representation. Section 5 is devoted to a discussion on an equivalence 
between the vector representations of the the universal dynamical R matrix of B q> \(g) and 
Jimbo-Miwa-Okado's elliptic face weights for g = An , Bn\ C n , Dn^ ■ 



2 Affine quantum groups U q (q) 

and elliptic quantum groups B q ,\(q) 

2.1 Affine quantum groups U q (Q) 

Let g be an affine Lie algebra associated with a generalized Cartan matrix A = (a^), i,j 6 I = 
{0, 1, . . . , n}. We fix an invariant inner product (-|-) on the Cartan subalgebra I) and identify f)* 
with f) through (-|-). We follow the notations and conventions in [30] except for A 2n , which we 
define in such a way that the order of the vertices of the Dynkin diagram is reversed from the 
one in [30]. We hence have ao = 1 for all 9. Let {ai}i £ i be a set of simple roots and set hi = a{ . 



(aj, hi 



2( ai \ aj ) 



an d didij = aijdj with dj = ^{ctiWi)- We denote the canonical 



We have a\ 

central element by c = J2i£i a ihi and the null root by 5 = J2iei a i a, i- We set 



Q = Za • • • Za n , Q- 

p = za e • • • e zA n e zs, 

and impose the pairings 



= Z> «o © • • • © 2> a n , 

p* = zh e • • • e zh„, e u 



(ca,d) = a^difl, (Aj,hi) = —6,, 



*o 



(Aj,d)=0, (i,jel). 



The Aj are the fundamental weights. We also use P d = P/Z5, (Pd)* = ®f =0 Zhi C P*. Let 
cl : P — > P c i denote the canonical map and define af : P c i — > P by af(cl(ai)) = on (i 7^ 0) and 
a/(c/(Ao)) = Ao so that cl o af = id and af(cl(ao)) = ao — 5. 

Definition 2.1. The quantum affine algebra U q = U q (g) is an associative algebra over C(g 1 / 2 ) 
with 1 generated by the elements ei, fi (i € I) and q h (h € P*) satisfying the following relations 



0° = 1, q h q h ' 



-.h+h' 



q h e iq - h 



q e t , 



(h, h' € P*) 
q h hq~ h ~- 



-{oti,h) 



fit 



&i fj fj 

E 

m=0 

E (-!) m 



u - 1; 



m 



m=0 



1. 1 



1 ' 



l—Oi 



/ l a, ij - 
i 



JjJi 



Here qi = q a 



q, 1 , and 



x 



n 



x — x~ 



[n] x \ = [n] x [n - 1} X ■ ■ ■ [1} X , 



n 



mui n - m 
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The algebra U q has a Hopf algebra structure with co-multiplication A, counit e and antipode S 
defined by 

A(q h )=q h ®q h , 
A(ej) = ej ® 1+U ® e i5 

A(/i) = /i® tr 1 + 1 ® /i, (2.1) 
6(g h ) = 1, e( ei ) = e(/0 = 0, 

U q is a quasi-triangular Hopf algebra with the universal R matrix 1Z satisfying 

A op (x) = ^A(x)^" 1 Vx G U q , 

(A ® id)K = K 13 K 23 , {id®A)K = K 13 K 12 . 

Here A op denotes the opposite comultiplication, A op = a o A with <r being the flip of the tensor 
components; a (a ® b) = b ® a. 

Proposition 2.2. 

^(12)^(13)^(23) = ^(23)^(13)^(12) j (22) 

(e ® id)7£ = (id ® e)ft = 1, 

(5 ® id)ft = (id ® S" 1 )^ = ft -1 , 

(5® s)n = n. 

Let {/i;} be a basis of f) and {/^} be its dual basis. We denote by U + (resp. U~) the 
subalgebra of U q generated by e, (resp. fi)i&I and set 

U+ = { x e U+\ q h xq~ h = qVMx (h G f>)}, 
CT^ = {a; g U~\ q h xq~ h = q'^x (h G fj)} 

for /3 G Q+. The universal i? matrix has the form [31| 

n = q~ T TZ , T = ^2,hi®h\ 

l 

TZ Q =Y, v {m {fl~ p ® (^o)/3 = l - J>i - gf 1 )^ 1 ® Ufi + ■ ■ ■ > 

/3GQ+ ieJ 

(Wo)j9 = Yl u -/3 ^ Up ® CQ, (2.3) 

where and {w^a} are bases of Ug and LC^j respectively. Note that T is the canonical 

element of f) ® f) w.r.t (•(•) and (7Zq)p is the canonical element of C/i" ® w.r.t a certain Hopf 
paring. 

We write U' q = U' q {o) for the subalgebra of U q generated by ej, /j (z G /) and h G (-P c z)*- 
Let (ttv,V) be a finite dimensional module over U'. We have the evaluation representation 

(n v ,z, V z ) of U q by = C(q l ' 2 )[z, z" 1 } ® c(gl/2) V and 

WM)^ ® ") = * 5i0+n ® T(e*)«, *V,*(/i)(* n ® «) = 3-*°+" ® 
ttv^X-?™ ® v) = ^ n ® 7r(ti)u, 7ry^(g d )(z n ® v) = (gz) n ® V, 
wt(z n ® u) = n<5 + af (wt(v)), 
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where n G Z, and v G V denotes a weight vector whose weight is wt(u). We write vz n = z n <g> v 
(n G Z). 

For generic A G fj*, let M A denote the irreducible Verma module with the highest weight A. We 
have the weight space decomposition M\ = (M\) v . We write wt(u) = v for u G (M A )j,. 

2.2 Elliptic quantum groups B q ,\(Q) 

Let p G f) be an element satisfying (p\ati) = d% f° r all i & I- For generic A G I), let us consider an 
automorphism of U q given by 

tp\ = Ad(q- 29 ^), 6(\) = -\ + p- l -Y J hh l , 

l 

where Ad(x)y = xyx~ l . We define the face type twistor F(X) G U q ®U q as follows. 
Definition 2.3 (Face type twistor). 

F(X) = ••• ((^ A ) 2 0id)7eo 1 (^ A ®id)^ 1 

= Il((^) fc ® id )V S (2-4) 

fe>i 

where f] A fc = • ■ ■ A 3 A 2 A 1 . 

k>l 

Note that the fe-th factor in the product (|2.4p is a formal power series in x\ = q 2k ( a i< x ) (i g /) 
with leading term 1. 

Theorem 2.4 ([23]). The twistor F{\) satisfies the shifted cocycle condition and the normali- 
zation condition given by 

1) F (12) (A)(A<g>id)F(A) = F (23) (A + /i (1) )(id<g>A)F(A), (2.5) 

2) (e <g> id) F(X) = (id <g> e) F(A) = 1. (2.6) 

In (J23D, A and Zi^ means A = Y^i Mh l and = Yli h\^h l , hf ] = hi <g> 1 <g> 1, respectively. 
Note that from (|2.3|) . one has 

[/i <g> 1 + 1 ® /i, F(A)] = V/iGf). 

Now let us define A\, <J?(A) and a\, (3\ by 



A A (a) = F^ 12 )(A) A(o) F^ 12 \X)~\ (2.7) 

ft(A) = F( 21 )(A)ftF( 12 )(A)-\ (2.8) 

$(A) = F( 23 )(A)F( 23 )(A + Zi«)-\ (2.9) 

a A = ^2 S(di)h, Px = Yl m *S(9i) (2-10) 

i i 



for £ ( h®k = F{\)-\ £\ mi®ni = F(X). 

Definition 2.5 (Face type elliptic quantum group). With S and e defined by (|2.ip . the set 

(U q (g), A A , S, e, a\, /3 A , <&(A),7£(A)) forms a quasi-Hopf algebra [23]- We mZZ i< i/te /ace iype 
elliptic quantum group B qi \(o). 
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From (|2.2p . (|2.5p and (|2.8p . one can show that 1Z(\) satisfies the dynamical YBE. 

Theorem 2.6 (Dynamical Yang-Baxter equation). 

ft(i2) (A + / l (3))^ 13 )(A)^ 23 )(A + = ft( 23 >(A)7e< 13 >(A + h^)lZ {12 \\). (2.11) 

We hence call 1Z(\) the universal dynamical i? matrix. 
Now let us parametrize A in the following way. 

A = ( r + Kj] d + sc + A (r,seC), (2.12) 



where A stands for the classical part of A, and h v denotes the dual Coxeter number of g. Note 
also p = h y Kq + p and d = o^Aq. Let {hj} and {h? '(= Aj)} denote the classical part of the basis 
and its dual of f). We then have 

V? A = Ad(A 2c V 29 "W), 0(A) = -A + p - l - hfh j - (2-13) 
Here we set p = q 2r . Set further 

1l(z) = Ad(z d ®l)(K), (2.14) 
F(z,X) = Ad(z d <g>l)(F(A)), (2.15) 
7£(*, A) = Ad(z d ® l)(n(X)) = (t{F{z~ 1 , \))K(z)F(z, A)" 1 . (2.16) 

Then 1Z(z) and F(z, A) are formal power series in z, whereas TZ(z, A) contains both positive and 
negative powers of z. 

From the definition (|2.4p of F(X), one can easily derive the following difference equation for 
the twistor. 

Theorem 2.7 (Difference equation [23]). 

F( M 2c(1) z, A) = Ad(q 28(X) <g> id)(F(*, A)) • q T lZ{pq 2cW z). (2.17) 

Furthermore, noting Ad(z d )(ej) = z Sifi ei, one can drop all the eo dependent terms in TZ(z) 
and A) by taking the limit z — > 0. We thus obtain 

Hm gC®*H»C^( z J = ft (2.18) 

hmF(z,A)=^(A), (2.19) 

z— >0 

where TZg and -^(A) are the universal R matrix and the twistor of U q (g). Then from (|2.17|) . we 
obtain the following equation for i*g(A). 

Lemma 2.8. 

F g (A) = Ad(q 2§ ^ ® id)(*i(A)) • ? f tt 5 , (2.20) 

n 

where T = ^ /ij ® 
i=l 

Remark. (|2.2U|) corresponds to (18) in |32j, where the comultiplication and the universal R 
matrix are our A op and respectively. 
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Lemma 2.9 (|_32j). The equation (|2,20p has the unique solution i*g(A) € Uq(b+)®U q (b-) in the 
form Fg(X) = 1 + • • • . Here U q (b + ) (resp. U q (b-) ) is the subalgebra of Uqfa) generated by e$, U 
(i = 1, 2, . . . ,n) (resp. fc, U (i = 1,2,..., n)). 

Theorem 2.10. For A £ I; given by (|2. 12j) . the difference equation (|2. 17j) has a unique solution. 
Proof. Let us set (p\ = Ad(q~ 2e ^). Iterating (|2.17p . N times, we obtain 

F(z,X) = {^®id)F((pq 2cW ) N z,X) II ((^) fc ®id)^ ((pg 2c(1) )M" 1 . 

iV>fc>l 

Taking the limit N — > oo, one obtains 

F(z, X)=A H (& x ) k ® id)K (( Pq 2cW ) k zy\ 

k>l 

where we set 

A = lim (<p% g> id) F((pq 2cW ) N z, A) 
= lim (^®id)F- B (X). 

iv — >oo 

Then the statement follows from Lemma 

3 Vertex operators and fusion matrices 
3.1 The vertex operators of U q (Q) 

Let V and W be finite dimensional irreducible modules of U q . Let X, fi € f)* be level-fc generic 
elements such that (c, A) = (c, /i) = k. We denote by M\ and M M the two irreducible Verma 
modules with highest weights A and fj,, respectively. 

Definition 3.1 (Vertex operator). Writing A\ = ^(k+h^y ^' ^ us cons ^der the formal series 
given by 

9*(z) = z A »- A ^ x (z), = E E ^ ® (3-1) 

j n&L 

Here {vj} denotes a weight basis ofV. The coefficients (?&\)j,n are the maps 

(*£) i>n : (M A )g -> (M M ) c _ wt(u . )+n5 , (3.2) 

smc/i i/toi x J / ^(^) is i/te U q -module intertwiners 
*$(z) : M X ^V Z ®M^, 

*£(z) x = A(x) V*(z) VxeU q . (3.3) 
Here <S> denotes a formal completion 
Mg N = J] M e ® iV s _„. 

PFe ca// ^'t(z) the vertex operator (VO) ofU q . 



1 Hopefully, there is no confusion of Ax with Ax in (12.7 



8 



H. Konno 



Remark, ^f^(z) is the type II VO in the terminology of [3]. 
We also define [/^-module intertwiners : M\ — > V ® by 

j VneZ / 

Here = Y\ u (M fl ) u . Note that there is a bijective correspondence between ^f^(z) and \E' A t . 

Let u\ and tt^ denote the highest weight vectors of M\ and M^, respectively. Let us write 
the image of u\ by the VO as 

^1 u x = v (g> + '^v i/ <g> Ui>, (3.5) 
V 

where Uy € M^, wt(uj/) < fx and v,Vi> € V. We call the vector v the leading term of Note 
that from ([372]) . cZ(A) = wt(v) + cZ(/i) = wt(^') + cZ(wt («*/))• We set 

= {v e V | wt(u) = cl(X - n)}. 

Theorem 3.1 ([161117]). The map { ) : \E' A ' i— > (id®it*, ^"^a) ffiwes a C(q 1 ^ 2 ) -linear isomorphism 

This theorem tells that is determined by its leading term. Namely, for given vq € V\, 
there exists a unique VO satisfying 

« = ^ 

We denote such VO by \fr^' vo and corresponding C/g-intertwiner by fy^' v °(z). 

Proposition 3.2 ([IT]). Let {vj} be a basis of V^ 1 . The set of VOs {^^' 3 } forms a basis of 
Hom a , (fl) (M A ,V®M M ). 

3.2 The q-KZ equation and connection matrices 

Let \,n,v£ t)* be level- fc elements. Let {vi} and {wj} be weight bases of Vjf and W^, respec- 
tively. Consider the VOs vp.^* and ^^'"' J given by 

^(01) : M A ->l^§M„, 
^'(z 2 ) : M^V^M,, 

and their composition 

(id®#^ 2 ))^>i) : Ma^^F^M,. 

Setting 

* { ^' A) (zi, z 2 ) = (id ® id <, (id ^( 22 )) ^( Zl )n A > , 
we call ^("'^/(^i, z 2 ) the two-point function. 

Theorem 3.3 (q-KZ equation [161 133] ). The two-point function ^ v, ^\zi, z-i) satisfies the 
q-KZ equation 

yiwVtfW)^^) = (g-^(H-A+2p) ®id)R wv ( z )y(w> x )(z 1 ,z 2 ) ) (3.6) 
where Rwv{z) = (ttw ® 7Ty)7£(z). 
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Proof. See Appendix. 



Remark [10] . A solution of the q-KZ equation (|3.6p is a function of z = Z\jz 2 and has 
a form G(z)f(zi, z 2 )- Here G(z) is a meromorphic function multiplied by a fractional power 
of z determined from the normalization function of the R matrix R\yy(z), while f(zi,z 2 ) is 
an analytic function in \z\\ > \z2\ and can be continued meromorphically to (C x ) 2 . Hence 
a solution of the g-KZ equation is uniquely determined, if one fixes the normalization. It also 
follows that the composition of the VOs is well defined in the region \z±\ > \z2\ and can be 
continued meromorphically to (C x ) 2 apart from an overall fractional power of z. 
The following commutation relation holds in the sense of analytic continuation. 

Theorem 3.4 (Connection formula [16^ I17j). 

(PR wv (zx/z 2 ) (8) id) (id ® *F(z 2 )) tff^i) 

= E (}d^^'( Zl ))^'(z 2 )C wv 

where and Wj> are base vectors of and WY,, respectively. 

The matrix Cwv is called the connection matrix. The following theorem states basic proper- 
ties of the connection matrix. 

Theorem 3.5 PTT]). 1) The matrix elements of Cwv are given by a ratio of elliptic theta 
functions. 

2) The matrix Cwv satisfies i) the face type YBE and ii) the unitarity condition (the first 
inversion relation): 



/ A Wj 


I* 






Vi> 


Vi 


s) 








\ // Wj' 


V 







ii) 



Vl,Wi,Uj,IJ," 



X Cwv 




X' Ujn fj! 
C W u | v v vi 
A Uj ji" 



7, Cwv 





( m" Uj 


t> 


Cwu 


vi 


Vi" 




\ UJ Uj' 


V 



( A Wj 


/'< 


\ 




Vi' 




z 


Cyw | 


\ fj/ Wj' 


V 


) 





/'■' 



V;, 



Vi" 



A* 



3) In the case V = W , Cyy satisfies the second inversion relation 
G\G U 



. GuGu' 



/ A Wj 


/' 


z" 1 j C vv 




Vi' 






Vi' 




Wj 




Wj" 




\ ji' Wj' 


V 






Vi" 


v' 
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ayv (z)S Vi ,„.„ 8 W . >w „ 5 v y 



Here £ = q th,v (t = (long root) 2 /2j, and G\ and ayy(z) are given by (5.16) and (5.13) 
in [T7] ; respectively. 

Furthermore, if V z is self dual i.e. there exists an isomorphism of ^-modules Q : Vf-i z — V* a , 
we have the following crossing symmetry. 



Theorem 3.6 ([H]). 



(" 


Wj 


V 




Vi 




Wj' 


rV1 ) 


\A 


Vi' 









/' 






Wj 


■) 




V 





(3.7) 



where g v ^ denotes a certain matrix element appearing in the inversion relation of the VO's, 
and 7^ is its inverse matrix such that 9 > ^l\i' 1 = 

In Section 5, we will discuss the evaluation molude V z with V being the vector representation 
for q = An\ Bn\ Cn\ Dn^ ■ There V z is self dual except for (n > 1), and is multiplicity 
free. Therefore, dimV^ = 1 etc. Hence the matrices fl^,7^ are scalars satisfying 7^ = l/<?„. In 
this case, let us consider the gauge transformation 



Cyy 



A n' 
with the choice 

mnz- 1 ) = 1 



F(p,X)F(X,p>) VV \X p! 



f(r l z- l )=pyy(Cz)f(z), 

a, 



Then we can change the crossing symmetry relation (|3.7p to 
Cyy 



A pi 



rv 1 



G U G\ £ ( X /i 



The same gauge transformation makes the face type YBE i), the unitarity condition ii) and the 
second inversion relation 3) in Theorem 13.51 unchanged except for the factor ayy(z) in the RHS 
of 3), which is changed to 1. 



3.3 Fusion matrices 

We here follows the idea by Etingof and Varchenko [28], where the cases U q (o) with g being 
simple Lie algebras are discussed. We extend their results to the cases U q (g) with g being affine 
Lie algebras. 

Definition 3.2 (Fusion matrix). Fix A € f)*. The fusion matrix is defined to be a \\-linear map 
Jwv(X) : W <g> V -> W ® V satisfying 

Jyw(X) = @ Jvw{X) u , 
v 

JWV{X) V {W 3 ® Vi ) = (id ® id U*, (id ttj™) ^U A > G (W ® T^)ci(A-v)) 
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Note that from (j5T2j) . 

[/t (g> 1 + 1 ® /j, J W (A)] =0 V/iGf). (3.8) 
Noting (|3.5p and the intertwining property of the vertex operators, we have 

JwvWu{wj ® Vi) = Wj <giVi + '^2 Ci{\)wi ® vi, (3.9) 

l 

where wt(vi) < wt(uj), and Q(A) is a function of A. Hence Jyvy(A) is an upper triangular matrix 
with all the diagonal components being 1. Therefore 

Theorem 3.7. The fusion matrix Jwv(X) is invertible. 

The definition of Jwv(X) indicates that the leading term of the intertwiner (id ® ^p! Vt ) SSf\' j 
is JwvW(wj ® Therefore we write 

A V f-i> } A 

Let us define Ju,w®v(w) and Ji7®w,y(u;) :^®iyig>V'^i7(g>VF<g)V'foru;Gt)*by 

%8V(W)(«| ® ® ^) = (id ® id ® id ® <, (id <g> ^ JwyW{W39Vi) )^ l U U ), 

Ju®wy{u){ui ® wj ® ^) = (id ® id ® id ® <, (id ® id ® ^ w <)^ JwF(w)( ^® tt,) « w > ) 
where u; G [7^. 

Theorem 3.8. T/ie fusion matrix satisfies the shifted cocycle condition 

Ju®wy{u){Juw{u) ® id) = Jt/ ) M/®y(w)(id ® - hS l >)) on £7 <g> W <8> V, (3.10) 

where hvj = wt(vj)vj (vj G V) efc. 
Proof. Consider the composition 



- u> 



(id ® id (g) ^^ l )(id ® *a 



and express the highest to highest expectation value of it in two ways, and use cl{\) = cl(u) — 
wt(ii/). ■ 

Remark. Regarding (A <g> id)J(cj) = Ju®W,v(v), (id ® A)J(w) = Ju,w®v{u), J^ l2 \uj) = 
Juw{u) ® id and J( 23 \uj) = id ® Jwy(a>), one obtains (|2.5p from (|3.10p by replacing J (a;) by 
F~ l (-u). 

Now let A G I)* be a level-k element. By using the C/q-module VOs (|3. 1 1) . we define a [j-linear 

map Jwv{z\,z 2 ] A) : W 2l <g> V Z2 -> W Zl ® V^ 2 by 

Jwv(z\, z 2 ; A) = (J) Jwv(zi, z 2 ; A)„, 
Jwv(zi,z 2 ;X)v(wj ®Vi) 

for «j G VT, G Then from the q-KZ equation (|3.6|) . one can derive the following 

difference equation for Jwv( z ii %2] A). 
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Lemma 3.9. 

Jwv(q 2(k+hV) zi,z 2 ; \)( q -^w(e(-x)) $ id) 

= (g- 2 **^-*)) ® id) g ^^%y( Zl /z 2 )Jw(2l,Z2, A). (3.11) 

Proof. See Appendix. ■ 

From the remark below Theorem 13.31 Jwv ( z i > z 2 A) is a function of the ratio z = z\ jz 2 . Let 
us parameterize a level-/c A £ f)* as f|2. 12|) . Comparing Theorem 12.71 and Lemma 13.91 we find 
that the difference equation for Fwy(z, —A)" 1 = {itw ®irv)F{z, —A)" 1 coincides with the q-KZ 
equation (|3.1ip for Jwv(zi, z 2 \ A) on Wj <S> fj under the identification r = — (k + h v ). Hence the 
uniqueness of the solution to the q-KZ equation yields the following theorem. 

Theorem 3.10. For a level-k A € fj* in the parameterization (|2.12p . 

(id ® id ® «*, (id ® $^(z 2 ))$^'(zi)n A > = F w (zi/z 2 , -A)" 1 ( Wj ® 

Remark. Relation between the twistors and the fusion matrices was first discussed by Etingof 
and Varchenko for the case g being simple Lie algebra (Appendix 9 in [28]). Their coproduct 
and the universal R matrix correspond to our A op and T*^ 1 , respectively, and the twistor is 
identified with the two point function of the C/q(g)-analogue of the type I VOs. 



4 Dynamical R matrices and connection matrices 

Let (ttv,V), (irw,W) be finite dimensional representations of U'(q), and {v^, {wj} be their 
weight bases, respectively. Now we consider the dynamical R matrices given as the images of 
the universal R matrix 1Z(A) 

Rwv(z, A) = (ttw ® ttv)TZ{z, A) 

= {z~\ \)R WV (z)F wv (z,\r\ (4.1) 

Note that Fy^(z~ l ,\) = PF vw (z~ x , \)P. 

By using Theorems 13. 101 and 13.41 we show that the dynamical R matrix R\yy(z, A) coincides 
with the corresponding connection matrix for the q-KZ equation of U„(q) associated with the 
representations (ttv,V) and (irw> W). 

Theorem 4.1. For level-k A £ f)* in the form (|2.12p with r = —{k + h y ), we have 
Rwv(z,-\)(wj ®vi) = y2 C\ 







/' 








Vi 


■) 






V 





where v { £ V£, Wj £ W£, v v £ V£ and w y £ W",. 
Proof. From Theorem 13. 101 and (|4.ip . we have 

Rwv(zi/z 2 , -X)(wj ® vi) 

= F$>(z-\ -X)Rwv(z)(id ® id ® <, (id ® ^(z 2 ))^ Wj (z^ux) 

where we set z = z\jz 2 . Then from Theorem 13.41 we obtain 
Rwv{z 1 /z 2 , -X)(wj ® Vi) = F v 2 ^(z~ 1 , -A) 
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(A Wj n 

Vi> Vi 

fj,' Wji V 

A Wj u 



Cwv 



V 








( x 


w j 


/' 




Vi' 










Wj> 


V 





fj, Wj' V 



Z {Wji ® Vi'). 



Note that in view of Theorem 13,51 this theorem indicates that the dynamical R matrices of 
Bq a(b) are elliptic. 



5 Vector representations 

In this section, we consider the vector representation of the universal R matrix 1Z(\) of B g \(q) 
for g = An\ Bn\ Cn\ Dn \ and show that they coincide with the corresponding face weights 
obtained by Jimbo, Miwa and Okado [13J . 



5.1 Jimbo— Miwa— Okado's solutions 

Let us summarize Jimbo-Miwa-Okado's elliptic solutions to the face type YBE. 

Let (7ry, V) be the vector representation of U' q {g). We set dim V = N. Then N = n+1, 2n+l, 

2n, 2n for g = An , B n , C n ,D n , respectively. Let us define an index set J by 

J = {l,2,...,n + 1} for^ 1 ) 
= {0,±l,...,±n} for£?« 
= {±l,...,±n} forCW,^ 1 ) 

and introduce a linear order -< in J by 

1^2^ < n (-< 0) -< -n -< < -2 -< -1. 

We also use the usual order < in J. 

Let Aj (1 < j < n) be the fundamental weights of g. Following Bourbaki [33] we introduce 
orthonormal vectors {e%, . . . , e n } with the bilinear form (£i\£j) = Sij. Then one has the following 
expression of A,- as well as the set A of weights belonging to the vector representation of g. 

A = \£i — £,... , e n +i — e}, 

. n+1 

Aj = £i + • • • + Ej - j£ (1 < j < n), £ = ^-j- J2 £ j' 

3=1 

A = {±£i, . . . ,±£ re ,0}, 
Aj=£ l + --- + £j (l<j<n-l), 

= + ••• + £«) (j = n), 

A = {±£i, . . . ,±e„}, 
A j =ei + --- + e j (l<i<n), 

.4 = {±£1, . . . ,±£ n }, 



A, 
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A j = e 1 + --- + e j (l<i<n-2), 



-(ei H h e n _ 2 + e n -i - £n) (i = "-l), 



1 



(ei H h £ n - 2 + e n -i + £n) (j = n), 



Now for /i£ J, let us define /* 6 A by 

jl = £ IJL —£ (l<M<n + l) for A n , 
= ±£j or (/i = ±j (1 < j < n), or /U = 0) for B n , 



(M = ±j (l<i<n)) forC n ,D n . 



We then define a dynamical variable a € f)* of the face model of type g as follows. 
a fl = (a + p\fi) (p^O), 

= -\ (, = o). 

We also set = a M — a v . 

n 

Proposition 5.1. If one parameterizes a £ \)* such that a + p = SiAj, one /tas 

i=0 

x / fi-l n \ 

^1 -E^ + E( n + 1 -^ (!</*<" + !) forA«, 



n + 



n-l 



s \ 1 

or-- (/i = ±i (1 <i<n), or 0) for 



.J=« 



n 

±J2sj (A* = ±i(l<*<n)) forC«, 

'n-1 



(At = ±* (1 < t < n)) for 



7=1 



Note that a^j, = Sj for AfP and a_ M 
Then Jimbo-Miwa-Okado's solutions to the face type YBE are given as follows. 



-a^forBW, c£\D$. 



W 



a b 



c d 

(I) w 

w 



uj = k{u)W 

a a + /t 
a + /t a + 2/t 



a 6 
c a! 



a a + pL 

a + jl a + // + v 

a a + v 

a + /t a + /i + £ 



1 (At ^0), 
_ [1][<V - 



u 



[1 + it] [a^v] 

Hvlv + 1 



(At^it/), 



[1 + u] [a^u] 
for A« 5^ C« itf 1 ) 



(5.1) 
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(II) W 



a 


a + v 


a + jl 


a 


a 


a + 


a + jl 


a 



M[l][a M _„ + 1 + 7] - u] 
[rj -u][l + u][a,j,- v + 1] 

[r l + u}[l]{a^^ + l + 2r,-u] 
[r] - u][l + u][a^ + 1 + 27]] 



\/ G af j,G av (n / v) 



1 + 7) — u] 



+ 1+277] 



[77 - u] [1 + u] [a^ + 1 + 277] ^ [a^_ K + 1] 



G for B {1) C (1) L> (1) 



where r/ = —th^/2 (t = (long root) 2 /2) is the crossing parameter, and the symbol [u] denotes 
the Jacobi elliptic theta function 

V2 q^- U & P (Q 2u ), P = Q 2r , (5.2) 



[ u ] = q r/* e ™/4 

logp, 

@ p (z) = (z;p) 00 (p/z;p) 00 (p;p) c 



n=0 



The k(u) denotes a function satisfying the following relations 

«(«)*(-») = 1 tor ^i.bM.cW.dW, 

«(, -«)«(,+ «) = "vtl'^V" 1 fa 4" , 

[?7 + U\ [7] - u\ 

n{u)n{7) + u) = for 5« <#\ 2#>. 

[1 — U\ [7] + U\ 

The G a/1 = g +M denotes a ratio of the principally specialized character G a for the dual affine 
Lie algebra g v [13] 

G a = [ai-aj] for 4^, 

l<i<j<n+l 



= e(a)Y[h(ai) H [a t - aj ][ ai + aj ] for , C« , L>« . 

i=l l<i<j<n 

Here e(a) denotes a sign factor such that e(a + (1) /e(a) = s. s and h(a) are listed in the following 
Table 







B {1) 


r 0) 






71+1 


2n- 1 


71+1 


2n - 2 


t 


1 


1 


2 


1 


s 


1 


1 


-1 


1 


h(a) 


1 


[a] 


[2a] 


1 



Remark. Our normalization of the weights W and some notations are different from those 
in [T3]. Their relations are given as follows 



W 



a b 
c d 



[1] 



[1 + u] 

[i]N 



a b 
c d 



r = LjmO, logp 



[1 + it] [77 — u 
Att 2 



WjmO I 

k(u)Wjmo 



V 

a b 
c d 



for 

^ far Itf>, 



fag PJMO 

Here the symbols with subindex J MO denote the ones in [T3]. Note [it] = [u]jmo- 
The following theorem states basic properties of the face weights. 
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Theorem 5.2 (p3]). The face weight W satisfies i) the face type Yang-Baxter equation, ii) the 
first and Hi) the second inversion relations 



9 

= E W 

9 

9 \ 



f 9 

e d 



u W 



a b 
f 9 



u + v\ W 



b c 
9 d 



a b 
9 c 



u W 



9 c 
e d 



u + v\W 



a g 
f e 



a g 
d c 



in 



1 ^G b G d 



uj W 

a b 
d g 



a b 
9 c 



-u W 



c d 
b 9 



2rj + u 



0~ac- 



In addition, we have the crossing symmetry except for g = An^ (n > 1) 
a b 



iv) W 



c d 



ii 



GbG c 
G a Gd 



W 



c a 
d b 



n — u 



The following theorem is communicated by Jimbo and Okado and is not written explicitly 

in mg. 



Theorem 5.3. For g = Bn\Cn\Dn \ the weights listed in the part (II) of (|5.ip is determined 
uniquely from those in (I) by requiring the face type Yang-Baxter equation and the crossing 
symmetry relations. 

Sketch of proof. It is easy to see that the first type of weights in (II) is determined by those in 
(I) by using the crossing symmetry relation. Then the second type of weights in (II) is determined 
by solving the system of two linear equations (YBE) shown in Fig. [H Here unknowns are the 



weights W 



a + /i 



a + fi 



and W 



a + v a + fi + v 
a + /jL+ v a + v 



and the other weights are in (I) . 



a + \i 



a + fi 




+ /-* 



a + [i + v 



; + n 



— a + v 



a + fi + v a + v 



+ fj, + v a + v 




a + li 



+ n + v 
_|_ a + fi 



a + v 



a + n + v a + v 




; + n + v a + v 



Figure 1. Two relevant equations (fj, ^ ±v). 



5.2 The difference equations for the twistor 

We here solve the difference equation for the twistor. Then using Theorem 14.11 we derive the 
dynamical R matrix i?yy(z,A) as the connection matrix in the vector representation (iry,V), 
and argue that it coincides with Jimbo-Miwa-Okado's solution up to a gauge transformation. 
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Let us consider the difference equation (|2.17p in the vector representation. 

F(pz, A) = {q 2 ^(e{\)) (g id)F(z, X)(q- 2nv ^ <g> id) q nv ® v ^ R(pz), (5.3) 

_ n _ _ , 

where A is parameterized as (|2.12p . 9(X) is given by (|2.13p . T = c (g> Ao + Ao <8> c + Yl hi ® 

i=l 

A) = (vry ® vry)F(z, A), and fl(z) = (vry vry)7e(z). 
Let {vj \j G J} be a basis of V and J5y be the matrix unit defined by EijVk = Sj,kVi- The 

action of the generators on V is given by [351 ESI E3 (f° r Cn ; the conventions used here are 
slightly different from |37j ) 

iT V (e ) = -En+i,! for^W, 

= (-)"(E_ 1)2 -E_ 2il ) for B«, 

= (-)^ 1 (i5;_ li2 - J E_ 2il ) for£)W, 

= £7-1,1 forCW, 
Trv(ei) = E iti+ x {l<i<n) for A^, 

= E iii+ i - E-i- lt -i (1 < i < n - 1) for B« , £>« , C#> , 
Try (en) = 02]^(#n,o - £ 0j _ n ) for bW, 

= £„,_„ forC«, 

= ^n-l,-n — E n _ n+ i for -D^ 1 -*, 
M*o) = £ (T^+W^-j for 

= Yl q~ 5 i< l ~ S i< 2+5 i-- 1+5j >- 2 E jd for , L>W 
ieJ 

Tiv (ti) = £ q^-^Ejj (1 < i < n) for 

= £ (1 < t < n - 1) for B$p, D$, 

Mtn) = £ q^-^fyj for fl« , 

= £ '/ 2 '' ' ~ V ' for C n 1} , 

jeJ 

= £ q Sj ' n - 1+Sj ' n ~ Sj '- n ~ Sj -- n+1 E jd for D n l) , 

and 7ry(/i) = -KvieiY- 

A basis {/ij} of i) and its dual basis {h 1 } w.r.t (-|-) are given as follows 

A n : nv(hi) = E iti - E i+ ^ i+1 (1 < i < n), 

n+l 



fi n : ny(hi) = Ei t i — Ei+i^+i + E—i—i—i—i — E_i_i (1 < % < n - 1), 
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^v(h n ) = 2{E n ,n — E- n - n ), 

i 

Mh 1 ) = Y,( E ™ - E ~o-j) (!<*<"-!), 

3=1 
1 ™ 



2 /_^^—J>J 3>—3J> 

3=1 

C n : 7ry(^i) = ^-^+1,1+1 + (1 < * < — 1), 

TTy(^n) = #n,n _ #-n,-n; 
i 

*v(#) = - ^-3,-3) (1 < * < n), 

3=1 

D n : tcvQh) = E iti - Si+i.i+i + -E-i-i - E-i -i (l<i<n-l), 
Kv{hn) = E n _i >n _i + #„ )Tl — E_ n _ n — #_„+i,_„+i, 



ttv(^) = j^ij - (1 < i < n - 2), 

3=1 

1 n_1 1 

vry(/i n_1 ) = - y~)(Ejj - E-j-j) - -{E n)n - E- n - n ), 

3=1 

1 n_1 1 



3=1 

Then one can easily verify the following. 
Proposition 5.4. 

q -*v®v(T) _ q-^^ <g> JSj-j- for ^W, 

= ]T q Si > j ~ Si -i Eij E hj for B« , C« , L>« . 

ijGJ 

_ _ n _ 

Proposition 5.5. If we parameterize A smc/i that A = ^ (sj + l)h l , we have 

i=l 

q -2*v(SW) = Y.'l 2 " '-'-I fOT A n ] > 

3'eJ 

where aj (j € J) is given by Proposition 15.11 

The R matrix R(z) of £/q(jj) in the vector representation is well known [2} E3 ESI EZ] (for C„ , 
we modified the R matrix in [37] according to the convention used here) 



R(z) = p{z) { 



E iti <g> Ei ti + b(z) Y E iti ® E jt3 

i£J i,j 

+ ^2 \ c i z ) E h3 ® ^i.* + zc ( z ) E j,i ® #i,j 

i-<j 

ilt-j 
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(l-g 2 z)(l-£z) 



^ aij(z)Eij <g> E-i-j 



(5.4) 



b{z) 
p{z) 



f=£* <z) 
1 — q z z 



for yll 1 ) 



q 



(z-, e)oo{q- 2 az- eu^z; eutez-, 

H j (z)=0 for^W, 

(q 2 - - z) + <y i>0 (l - + z)(l - £z) 

(l-g 2 )[^'-*(z-l) + <5 w (l-^)] 
(1 - q^ziteejqi-'iz - 1) + - £*)] 



for C (1) L> (1) 

lul ■ LJ n ' ! > 



(i = j), 

(i^j), for B^,C^,D^. 



Here £ = g tftV , and = 1 (j > 0), -1 (j < 0) for g = C n L> and ej = 1 (j G J) for the other 
cases. The symbol j is defined by 



(i) 



J 



(j = 1, ... ,n), 
(J = 0), 

(j = -71,..., -1). 



Then due to the formula (|2.4p . we make the following ansatz for the twistor F(z, A) in the vector 
representation. 

f 

F(z, A) = /(*) \ Yl E i,i ® E hi + X ij ^ E >* ® E 



J-J 



(5.5) 



i£ J 



' -.7 



where Xjy denote unknown functions to be determined. 

From the from of -R(z) and .F(z, A) in (|5,4p and (|5.5p . one finds that the difference equa- 
tion (|5.3p consists of 1 x 1, 2x2 and N x N blocks. The numbers of blocks of each size contained 
in the equation are listed as follows 





1 X 1 


2x2 


N x N 


A (1) 


71+1 


n(n+l) 
2 







2n 


2n 2 


1 




2n 


2n(?i - 1) 


1 




2n 


2n(n - 1) 


1 



By using Propositions 15.4 1 15.51 and (|5.4p . (|5.5p . we obtain the following equations, 
lxl blocks: 



f{pz) = q^p(pz)f(z) 

= qp(pz)f(z) 

2x2 blocks: 

(Xj$(pz) X$(pzj\ 
\X$(pz) X$(pz)J ~ 



for A n , 



for B n ,C n ,D n . 



ji 



X%(z) wjxjj(z)\ ( b{pz) c(pz)\ 
Wij X%(z) X$(z) )\pzc(pz) b{pz))> 
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€ J, i+ -j) 



where we set Wij = g 2(ai aj K 



N x N block: 

*&V) = (l - p /,)(l E^- ak) a kj (pz)Xi^\z) € J). 

Here we dropped a scalar factor in the 2x2 and N x N blocks by using the equation in the 
lxl block. 

Note that the difference equations in the 2x2 blocks have the same structure as the one in 
the case g =5(2, which was analyzed completely in [23]. Let us summarize the essence of it. The 
2x2 block equation consists of two 2nd order g-difference equations of the type 

(g c - q a+b+1 z)u(q 2 z) - {(q + q c ) - (q a + q b )qz}u(qz) + q(l - z)u(z) = 0. 

00 

This equation has two independent solutions of the form z a ^ a n z n around z = 0, which are 

71=0 

given by the basic hypergeometric series 



- (.q a ;qUq b ;q)n 

(q c ;q)n(q;q)n 



= 12^ 



n=0 

and 

(a— c+1 J>— c+1 
q 2 -c 

n-1 

where (x;q) n = Y\ (1 — x q 3 )i ( x i q)o = 1- The connection formula for these solutions is well 

3=0 

known: 



2<Pl 



> a - h ^ r q (c)r q (b-a)e g (g 1 - a z ) ^ fg a g°- 
q c ""*'"J " r g (6)r g (c-a)e g (gz) 



"201 ( 6-a+l «l, (5.6) 



r ? (a)r g ( c -6)e ? ( gz ) 

where 

By using this, one can derive the connection matrices for the 2x2 block parts. 
In our case, the initial condition (|2.19p leads to 

/(0) = 1, 

(xij(o) X{*(0)\ ( 1 

[x;m x$(o)) {0 1 )■ 

The solutions to the lxl and 2x2 blocks are given as follows, 
lxl block: 

{pq 2 z}{pq~ 2 ^ 2 z} 
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{pq 2 z}{p£,z} 2 {pq~ 2 (; 2 z} 

where 



for B n ,C n ,D % 



{ Z } = n a - ze n p m \ 

n,m=0 

2x2 block: 

X$(z) = q2 ;p, P q- 2 z 

v ji r \ {q-q^Wij , fwijq 2 pq 2 _ 2 

= — j rr^2</»i ^ 2 i ;p,M ^ 

1 - p*i^ z V V 



pw- 3 



x J ji {z) = 2^i\ l.-i ;p,p<? 2 



Then due to the formulae (|5.6j) and (14. ip or Theorem 14.1^ we determine the lxl and 2x2 
blocks of the dynamical R matrix 

(ttv ® ttv)TI{z, A) 



Pell(z) < 



igj i-<j 



'■J 



as follows, 
lxl block: 



p ell (z) = f(z- 1 )p(z)f(z)- 1 



_ ^ { q 2 z}{q- 2 ez}{p/z}{ P e/z} (1) 
" 9 {z}{ez}{pq 2 /z}{pq- 2 e/z} 

^ { q 2 z}tiz} 2 {q- 2 ez}{p/z}{p q - 2 Z/z}{pq 2 az}{pe/z} 
~ q {z}{ q -Hz}{q 2 iz}{ez}{pq 2 /z}{pi/z} 2 {pq- 2 e/z} 
forBW C (1) 



2x2 blocks: for i -< j, i ^ —j 
lC?Az,Wij) = q 



(pw i] 1 q 2 ;p)oo{pw ij 1 q 2 ;p)oo @ p (z) 



pji/ \ _ (w i jq 2 ;p)oo(w ij q- 2 ;p) 0O Q p {z) 
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By setting z = g 2 " and using (15. 2p . we can reexpress these matrix elements in terms of the theta 
functions with some extra factors including q with fractional power and infinite products. Then 
making an appropriate gauge transformation, we can sweep away all the extra factors and find 
that the lxl and 2x2 block parts coincide with the part (I) of Jimbo-Miwa-Okado's solution, 
i.e. 



R%(z, Wij )^W 



a a + k 
a + i a + i + j 



in (/). 



From 2) of Theorem 13.51 (|3,2p and Theorem 15.31 the remaining part (II) is determined uniquely 
from the part (I). We hence obtain the following theorem. 

Theorem 5.6. For g = An\ Bn\ Cn\ Dn\ the vector representation of the universal dyna- 
mical R matrix 7Z(\) coincides with Jimbo-Miwa-Okado's elliptic solutions to the face type 
YBE. 



To solve the difference equation in the N x N block directly is an open problem. 

(2) (2) 

For the cases 9 being the twisted affine Lie algebras A 2j l and A 2 ^_ x , Kuniba derived elliptic 
solutions to the face type YBE. His construction is based on a common structure of the R matri- 
ces of the twisted U q (o) to those of the Bn \ Cn , types. In fact, the resultant face weights 

have the common 2x2 block part, as a function of a^, to the cases g = A^ 1 , Bn^ , 0$ , ■ The 

(2) 

simplest A 2 case was investigated in [7]. In view of these facts, we expect the same statement 
as Theorem 15.31 is valid in the twisted cases, too. 

( 2 \ ( 2 \ 

Conjecture 5.7. Similar statement to Theorem \5.6\ is true for Kuniba 's solution of A 2 ' A 2 '± 
types and for Kuniba-Suzuki's solution of G 2 type. 



A Proof of Lemma 13.91 

We here give a direct proof of Lemma [3.9l and leave a derivation of the q-KZ Equation (|3.6p from 
it as an exercise. 

Let 1Z be the universal R matrix of U q (g) and write 

n = ^2aj ®bj, (A.l) 
3 

and set U = J2j S(bj)aj = ■ bjS~ 1 (aj) and Z = q 2p U. 
Lemma A.l (|55]>. 

(1) UxU- 1 = S 2 (x) Vx G U q , 

(2) ZxZ' 1 = x, 

(3) Z\ v{x) =q^ x+2 P\d v[x) . 
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Lemma A. 2. For (jA.ip . 

aj ® A(6j) = Ojaj (8> 6j <8> 

Proof. The statement follows (id ® A)ft = T^ 13 ^ 12 ). ■ 
Lemma A. 3. Lei ^(z) denote a vertex operator. Then we have 

(id ® o)*(«) = 5^(5(0(1)) ® 1)*(Z)0( 2 ), 

where we write A (a) = ^ an) ® <J(2)- 
Proof. 

= £(S(a (1) ) ® l)A(o (2 ))*(z) 
= ^(5(a (1) )a' (2) ®a / { ' 2) )^(z) 

= Z)('S ! (a / ( 1 ))a(i)®a(2))*(«) 
= ^(l®e(o ( i ) )a (2 ))*(«) 
= LFS. 

Here we wrote A(d( 2 )) = Yl a (2) ® a (2) e ^ c - anc ^ use d (A <8> id)A(o) = (id ® A)A(a) in the 3rd 
line and m(5 ® id)A(a) = e(a) in the 4th line. ■ 

Proof of Lemma 13.91 Let X,fi,uE ()* be level-fc elements. Let us set p = g 2 ( fc+ ' lV ) and consider 

*C*i, *&) = (id ® id ® <, (id ® ^(z 2 )W)^(p;ziW), 

where we abbreviate ^^' l (z2) and ^^ Wj {z\) as ^(2:2) and *^(zi), respectively. We regard U 
and its expression in terms of a,-, 6j as certain images of appropriate representations of U q {$) in 
the following processes. We evaluate ^(21, Z2) in the following two ways. 

1) Substituting U = q~ 2p Z and using the intertwining property (|3.3p and Lemma lA.ll (3). 
we have 

z 2 ) = (id <T 2p )g~ W2p)+(HM+2p) ^w(M, Z2; X){wj ® «i) 
= (id ® g- 2 ^)g~( i/ l 2 P)+(A t lA t + 2 ^)+ 2 ( wt ( u 'i)^+ A )-( wt ( u 'j)l wt ( u 'j)) 
x J w ^i^ 2 ; A )( g - 2 ^WA)) g, id )( Wj g, 

In the last line, we used ( q -^w(e(x)) ®id)| Wj . „. = g -2(wtK-)|p+A)+(wtK)|wtK))_ 

2) Using W = bjS^iaj) and (lA2i we have 

(id ® ^(zajW)*^*!) = £(id ® A(6 i )^ t (z 2 )5" 1 (a i ))^(z 1 ) 

i 

id $5 = £(id ® (6, ® 6,)^(z 2 )S" 1 (a J a i ))^(z 1 ) 

id ® ^(z 2 )U)^( Zl ) = £(id ® (5(6i) ® 5(6 i ))^(z 2 )a i a i )^(z 1 ) 

id ® ^(22)W)*a(*i) = E( id ® ® S '(^))*m(^))( 1 ® a 0(! ® 
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In the 3rd line we used (id® S)1Z = (S 1 ® id)7£. Then apply Lemma fA. 31 and Lemma fA.21 twice 
each, we have 

(id ® *»(z 2 )U)^ x ( Zl ) = ^2 (S(a l )S(a J ) ® (5(6,6 fc ) ® 5(6 J 6 / ))^(z 2 ))^(z 1 )a fc a / . 

Take the expectation value (id ® id ® u*, u^), and use 

,(A|«0 



5(6 fc ) ® a fc n A = g feAo+A ® u Aj 

fc 

S(aj) ® <S%) = q ~ kA °- p ® 



Noting further that (|3.2p implies ^(pz) = (j> A ° ® id)^(z), we obtain 

= (p Ao ® id)g( A l 1/ '(l ® g fcAo+X )(g- fcA °- p ® 1) 
x ^(5(aj) ® 5(6j)) Jwv(z\, z 2 ){wj ® «i) 

i 

= g (A|2/)+(A+2p|wt(tu J -)+wt(« i ))/ g -2e(A) (g, ^gTr^gvCf) 
X i?iyy(2l/^2)^w(^l,^2)(wj ®Uj). 

Combining 1) and 2), we obtain (|3. 11 j) . I 
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